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analytic torsion Reidemeister torsion
– $(\text{ })$ -
$-$ analytic torsion
1970
Cheeger M\"uller 2 torsion
– $[16, 17]$ .
torsiOn $L^{2}$ -analytic





$\ovalbox{\tt\small REJECT}$ Reidemeister torsion


















2000 3 14 $\sim 17$
$\mathrm{V}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{m}\mathrm{e}$ Conjecture -
1.2
$L^{2}$ -torsion 3 $L^{2}$ -torsion
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$B=(b_{ij})\in M(n, \mathbb{C}\pi)$ C\mbox{\boldmath $\pi$}-
C\mbox{\boldmath $\pi$}-
$\mathrm{t}\mathrm{r}_{\mathbb{C}\pi}(B)=\sum_{i=1}\mathrm{t}\mathrm{r}_{\mathbb{C}}(\pi b_{ii})$
$B\in M(n, \mathbb{C}\pi)$ L2-
:
$b(B)= \lim_{parrow\infty}\mathrm{t}\mathrm{r}_{\mathbb{C}\pi}((1-K^{-}2. BB^{*})^{p})\in \mathbb{R}\geq 0$ .
$K$ $B$ $\pi-$
$R_{B}$ $:\oplus_{i=1}^{n}\iota 2(\pi)arrow\oplus_{i=1}^{n}\iota 2(\pi)$
$||R_{B}||_{\infty}$ $K\geq||R_{B}||_{\infty}$
$B^{*}$ $B$
$B^{*}=(\overline{b_{ji}})$ , $\sum\lambda_{\mathit{9}}\cdot g=\sum\overline{\lambda g}$ $.g^{-1}$
$B$ Fuglede-Kadison
$\det(B)=K^{(n-b(}B))\exp(-\frac{1}{2}\sum_{p=1}^{\infty}\frac{1}{p}(\mathrm{t}\mathrm{r}_{\mathbb{C}\pi}((1-K^{-2}\cdot BB^{*})^{p})-b(B)))$
2.1 $L^{2}$ - $b(B)$ Fuglede-Kadison $\det(B)$
$K\geq||R_{B}||_{\infty}$ $K$ $-$




( ) $L^{2}$ -torsion 2 $\mathrm{C}\mathrm{W}$- $X$
:
(i) $L^{2}$ - $b_{p}(X)$
(ii) Novikov-Shubin $\alpha_{P}(X)$
$X$ admissible Novikov-Shubin $\alpha_{p}(X)$
[9, 10, 16]
$M$ (1) $\sim(3)$
admissible [4, 9, 10]
(1) $M$ 3 $(\mathrm{i})\sim(\mathrm{i}\mathrm{v})$ :
(i) $\pi_{1}M$
(ii) $M$ 3 $S^{1}\cross S^{2}$ $\mathbb{R}P^{3}\#\mathbb{R}P^{3}$
(iii) $\partial M\neq\phi$ $\partial M$
(iv) $\partial M=\emptyset$ $M$
3 finitely cover
(2) $M$ inclusion $S^{1}$
(3) $M$
$M$ 3 $\partial M$
$M$ $\overline{M}$ $\mathbb{C}\pi_{1}M$- $C_{*}(\overline{M};\mathbb{C}\pi 1M)$ :
$0arrow C_{3}-\partial_{3}C_{2}-\partial_{2}C_{1}arrow C_{0}\partial_{1}arrow 0$ .
$\partial_{i}$ $\mathbb{C}\pi_{1}M$
$i$ ( ) $\triangle_{i}$ : $C_{i}arrow C_{i}$
$\triangle_{i}=\partial_{i}+1\circ\partial_{i}*+1\partial i+*\circ\partial_{i}$



















$\bullet$ admissible $\mathrm{C}\mathrm{W}$- $d$ $Xarrow Y$ $\rho(X)=$
$\rho(Y)^{d}$












3 $M$ $L^{2}$ -torsion $M$
Gromov simplicial volume [6]
22
$\log\rho(M)=C_{3}\cdot||M||$
$c_{\mathrm{s}}$ $||M||$ $M$ simplicial
volume $M$ 3
$\log\rho(M)=-\frac{1}{3\pi}\mathrm{V}\mathrm{o}\mathrm{l}(M)$
$L^{2}$ -torsion $L^{2}$ -torsion logarithm $\ovalbox{\tt\small REJECT}$




2.3 (LUUck) $M$ 3 $M$
$\pi_{1}M=\langle s_{1}, \cdots, s_{g}|r_{1}, \cdots, r_{g-1}\rangle$
FOX $(\ovalbox{\tt\small REJECT})$ 1 $g-1$
































$\log\rho(4_{1})=-2\cdot 2\log K+\sum p=\infty 1\frac{1}{p}\mathrm{t}\mathrm{r}\mathbb{C}\pi((1-K^{-}2AA*))$
$=-8 \log 2+\sum_{p=}\infty 1\frac{1}{p\cdot 16^{p}}\mathrm{t}\mathrm{r}_{\mathbb{C}}\pi(B^{p})$ .
1
$\log\rho(4_{1})_{p}$






1: 8 $L^{2}$ -torsion








$\pi=\langle x,y, t|txt^{-1}y^{-}1=tyt^{-1-1}xy=1\rangle$ .
Fox
$t$ ( 3 )
$A$ $K=4$
$B=16-\mathrm{A}A^{*}$$=$$L^{2}$ -torsion :

































$\Gamma_{1}$ $:=\Gamma\supset\Gamma_{2}\supset.$ $:$ . $\supset\Gamma_{k}\supset.$ . .
11
18
$\Gamma_{2}:=[\Gamma_{1} , \Gamma_{1}]_{\text{ }}$ $k>2$ $\Gamma_{k}:=[\Gamma k-1, \mathrm{r}1]$
$\Gamma$ $\mathrm{M}$ :=F/Fk $p_{k}$ : $\Gammaarrow$
$N_{k}$
32 $\Gamma$
$x\in\Gamma$ $k$ $p_{k}(x)\neq e$
$[5, 13]$





$L^{2}$-torsion $\rho_{k}(W_{\varphi})$ $L^{2}$ - Novikov-
Shubin

















$L^{2}- \mathrm{t}_{\mathrm{o}\mathrm{r}}\mathrm{S}\mathrm{i}\mathrm{o}\mathrm{n}$ $L^{2}$ -torsion
L\"uck
3.2

















$x_{1},$ $x_{2},$ $\ldots.x_{2g}$ $\pi$
$\langle_{X_{1}..X_{2\mathit{9}}},.,, t|r_{1}:=t_{X_{1}}t^{-1}(\varphi_{*}(x_{1}))-1, \cdots, r_{2g}:=tx_{2g}t^{-1}(\varphi_{*}(x_{2g}))^{-}1\rangle$
$\varphi_{*}$ : $\Gammaarrow\Gamma$ $\varphi$ : $\Sigma_{g,1}arrow\Sigma_{g,1}$
$r_{1},$ $\ldots,$ $r_{2g}$ Fox
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$=-4g \log K+\sum_{p=1}\frac{1}{p}\mathrm{t}\mathrm{r}_{\mathbb{C}\pi}((I-K^{-2}AA^{*})^{p})\infty$ .
$K$ $K\geq||R_{A}||_{\infty}$
$\det$ Fuglede-Kadison $\det$ : $M(2g;\mathbb{C}\pi)arrow \mathbb{R}_{>0}$
$\rho_{k}(W_{\varphi})$ ?
$p_{k}$ : $\Gammaarrow N_{k}$
$\piarrow\pi(k)=N_{k}x\mathbb{Z}$
$p_{k*}:$ C\mbox{\boldmath $\pi$}\rightarrow C\mbox{\boldmath $\pi$}( )





$=-4g \log Kk+\sum_{p=1}^{\infty}\frac{1}{p}\mathrm{t}\mathrm{r}_{\mathbb{C}}k)((I-K^{-}2AA*)^{p})\pi(k$ .
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21
32 $K_{\text{ }}K_{k}$ $A,$ $A_{k}(k=1,2, \ldots)$
$K_{k}=K$
[3] part 1, chapter 1 proposition 8
$\rho_{1}$ $\pi(1)=\pi/\Gamma_{1}\cong \mathbb{Z}=\langle t\rangle$ $A_{1}$






$\mathcal{M}_{g,1}$ $\Sigma_{g,1}$ $\mathcal{M}_{g,1}$ Magnus $\mathcal{M}_{g,1}$
$\Gamma=\langle x_{1}, \ldots, x_{2}\rangle \mathit{9}$ Fox
$r: \mathcal{M}_{g,1}\ni\varphi-t(\frac{\partial\varphi_{*}(x_{j})}{\partial x_{i}})_{i,j}\in GL(2_{\mathit{9}};\mathbb{Z}\mathrm{r})$
$GL(2g;\mathbb{Z}\Gamma)\ni A\vdasharrow\overline{A}\in GL(2g;\mathbb{Z}\Gamma)$















$p_{k}$ : $\Gammaarrow N_{k}$
Magnus

















$\pi_{1}(W_{a})=\langle x,y, t|txt^{-1}=y, tyt^{-1}=y^{a}x^{-1}\rangle$ .
$\pi_{a}$
























$\rho_{2}$ $\pi_{a}$ $x$ $y$
$\pi_{a}$
2 $a=1$ ( ) 3 $a=3$ ( $8$ )
$\rho_{1},$ $\rho_{2},$ $\rho$





























7. Magnus $L^{2}$-torsion $\rho,$ $\rho_{k}$
$\rho_{k}arrow\rho$
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- $r\mathrm{z}\tau$ — $l\mathrm{h}-\mathrm{A}$ $\underline{|\mathfrak{v}}$
32
$’\neg$
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